Our objective is to develop a methodology to detect regions in risk-return space where the out-of-sample performance of portfolios is consistent with their in-sample performance. We use the Berkowitz statistic to evaluate the accuracy of the density forecast, derived from in-sample portfolio returns, of out-of-sample portfolio returns. Defined by its co-ordinates in risk-return space, a portfolio is 'consistent' if this statistic indicates that the in-sample return density is a good predictor of out-ofsample portfolio returns.
Introduction
A key stage in asset allocation is the construction of an efficient frontier, a set of dominant portfolios that offer the lowest available risk for a given level of return. The best known approach is that of Markowitz [1] , where return is measured by the mean return of the portfolio and risk is measured by standard deviation in portfolio return. Since the density of returns is assumed to be normal, then in effect the efficient frontier identifies the density function of the returns of a portfolio at any point on the frontier (since the normal distribution is defined by just two parameters, the mean and the standard deviation). A typical example of an efficient frontier (using the universe of the Dow Jones Industrial 30 Stock index, henceforth the Dow Jones) is shown in the upper plot in Figure 1 . In the lower plot, the predicted density of returns is super-imposed for three portfolios on the frontier; note the effect of the inclusion in this representation of the uncertainty in portfolio returns on the scale of the return axis. Simply stated the return distribution covers a much wider range than might be implied by a naive interpretation of the efficient frontier. This is important since an investor, in choosing a portfolio from the efficient frontier, is implicitly exposing themselves to the implied return distribution. To make matters worse, it is entirely conceivable that the return distribution implied by the efficient frontier (produced via optimisation using in-sample data) does not accurately represent the achievable out-of-sample return distribution. In these circumstances the investor is not making an investment decision under uncertainty, but in total ignorance; the investor has no reliable information about the selected portfolio's out-of-sample performance.
The construction of an efficient frontier in risk-return space is an attractively straightforward way of representing a set of portfolios of assets with the appropriate risk-return characteristics for an investor. The steps in this construction involve the collection of historical data; processing this data into the necessary inputs (such as a vector of estimates of expected asset returns and an estimate of their covariance matrix); computation of asset weightings within the set of selected portfolios. If the input data is wholly representative of the asset data generating process which will generate the out-ofsample returns, then the efficient frontier reflects valid investment information. Conversely, if this condition is not met, then the investor will be misled. However, inside the efficient frontier, there may be dominated portfolios which do yield out-of-sample returns consistent with their co-ordinates in risk-return space. An alternative characterisation is to say that the parameters of the density function of returns for a portfolio on the efficient frontier may be estimated less accurately than those for a dominated portfolio situated some way inside the frontier. Here we examine the accuracy of the return density functions resulting from portfolios both on and within the efficient frontier.
We introduce the term 'consistent' to describe a portfolio whose position in risk-return space indicates that the in-sample information allows its out-of-sample return density to be accurately predicted. With a consistent portfolio, the investor is making a decision under well-calibrated uncertainty. In order to assess consistency, a track record of comparable portfolio investments is necessary. This record is composed of a series of these actions: portfolio selection; distillation of return density from the in-sample portfolio returns; observation of the out-of-sample return. To compile this track record, we set up a grid based on the efficient frontier, with this grid we give coordinates to those portfolios on the frontier and to the dominated portfolios. The scale on the expected return axis of the grid runs from a minimum of the expected return of the minimum variance portfolio through to the maximum expected return. The scale on the risk axis is conditional on the level of expected return and is defined by the range the variance of a portfolio can take. For each point on this grid, the sequence of in-sample densities and the corresponding sequence of out-of-sample returns allows the construction of a time series of realised probabilities, i.e. the probability of the portfolio achieving the observed out-of sample return, given its in-sample density function. These probabilities allow the accuracy of the in-sample densities to be measured. We use the Berkowitz statistic, a recently developed and powerful tool for the evaluation of the accuracy of density forecasts. We call a portfolio 'consistent' when the Berkowitz statistic indicates that the in-sample return density is a good predictor of the out-of-sample portfolio return, i.e. the out-of-sample return density is consistent with the in-sample parameters. Collectively consistent portfolios define a 'consistency region', and we call the boundary between the consistency region and inconsistent portfolios the 'consistency frontier'.
In our analysis we first demonstrate that the consistency regions behave intuitively reasonably under the 'laboratory' conditions represented by simulated multivariate normal data. We then use data from two markets (US: Dow Jones 30 constituents and Japan: Nikkei 225 constituents) to show how the consistency regions react to the changing dynamics of the market. To evaluate the economic implications of consistency, we examine two types of investment strategies based on the use of consistent portfolios and compare them with the benchmark strategy of investing in the minimum variance portfolio. We also investigate the consistency of the naive diversified (1/N) portfolio.
In summary, we propose an innovative methodology, based on the measurement of density forecasting accuracy, to identify the consistency region, that region of risk-return space where portfolios will exhibit the same performance out-of-sample as they exhibited in-sample. We will demonstrate that investment strategies that make use of consistency information add value, that is they outperform strategies that do not use such information. This paper has six sections; in the next section we review the literature concerned with estimation errors in the efficient frontier and give the background to accuracy measurement in density forecasting. In Section 3, we describe our data and our methodology for using density forecasting. In Section 4, we use simulated and real data to investigate the behaviour of the consistency region. We explore the investment implications of our analysis in Section 5. In Section 6 we draw our conclusions.
Literature review

Estimation for portfolio selection
The portfolio selection problem considers a universe of N assets whose performance is summarised by a return vector μ and a covariance matrix Σ . Markowitz [1] showed that quadratic programming can be used to establish an efficient frontier of portfolios of assets by finding the optimal set of weights on the assets, ω , such that the portfolios on the frontier have minimum risk for a given level of expected return. In practice, μ and Σ are unknown and have to be estimated from historical data. However, when the true (but unknown) parameters are replaced by sample estimates, the search for a minimum variance portfolio exploits errors in in-sample variances and covariances.
Michaud [2] suggested that unless mean-variance optimisation was used with 'sophisticated adjustment of the inputs', its use 'may often do more harm than good'. Broadie [3] expresses the trade-off in estimation: using too few historical observations leads to estimation errors; using too many historical observations means that the parameter estimates may be outdated. This second point implies that the parameters are time dependent and would be better represented as t μ and t Σ .
Broadie concludes that 'points on the estimated frontier are optimistically biased predictors of actual portfolio performance'. He suggests that improving estimation of returns is the most effective way to achieve bias reduction. Exploration of the problem of estimation bias has followed two paths. One path looks at ways of making parameter estimation more robust. The other path looks at modifying the constraints and the objective function applied when optimising to lessen the impact of estimation errors.
Robust estimation using Stein or shrinkage estimators (see James and Stein [4] ) was introduced by Jobson and Korkie [5] . Jorion [6] , Chopra, Hensel and Turner [7] , among others, explored this topic. In a survey of work on robust portfolios, Fabozzi, Huang and Zhou [8] point out that the Bayesian approach is appropriate when the true data generating process is unknown. Jorion [9] compares Bayes-Stein estimation with CAPM based estimation of mean asset returns, he finds that the latter method outperforms Bayes-Stein estimation which itself outperformed classical estimation.
Ledoit and Wolf [10] applied shrinkage estimation to the covariance matrix; they produce an optimally weighted average estimate using the sample covariance matrix and the single-index (CAPM) covariance matrix. Fabozzi, Huang and Zhou [8] also point out that variance does not capture all components of what many investors consider as risk, but they further suggest that no single measure exists as a universal solution. In this context, Tu and Zhou [11] devised an approach for the inclusion of uncertainty in the data generation process to account for fat tails in return density.
Although this led to changes in portfolio weights, they concluded that the certainty-equivalent penalty for ignoring fat tails was low and that for a mean-variance investor the normality assumption worked well.
Using a constraint-based-approach, Jagannathan and Ma [12] motivate their analysis by drawing attention to the practical problem of selecting a portfolio from a universe of 500 assets. With a maximum of around 900 monthly observations of returns available there are fewer than four degrees of freedom for each parameter estimate. They focus on why the imposition of constraints helps reduce risk. If an asset has large estimated covariances with other assets, then it is likely to be drawn into the minimum variance portfolio (with the opposite signed weight to those on the other assets, assuming short-selling is allowed). Imposing a non-negativity constraint on the asset weight (i.e. not allowing short-selling) thus has the effect of reducing the covariances of assets bound by the constraint.
Similarly, the imposition of upper bounds on weights tends to affect assets with low covariance with other assets, in this case effectively increasing some covariances. They point out that the effect of these constraints is similar to using shrinkage in estimation.
Several authors have pointed out the practical difficulties in selecting an efficient portfolio. A summary of their findings is given in Table 1 , which gives their conclusion, the data underlying their analysis and the criterion used for any comparisons.
Looking at the conclusion column in Table 1 , we find support for schemes that constrain the vector of asset weights. There is support for shrinkage estimation of mean returns, but the emphasis has moved to the minimum variance portfolio, i.e. ignoring mean return estimates, (see De Miguel, Garlappi and Uppal [21] ). Shrinkage estimation of the covariance matrix receives some support, but simpler ways of averaging estimates are reported to work as well. Swanson [22] . Another approach centres on the uniform distribution. Diebold, Gunther and Tay [23] note that if the cdf is predicted accurately, then its empirical evaluation will be a uniform random variable between zero and one; i.e. ( ) ( )
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where t r is the realised out-of-sample return.
Hong and Li [24] and Hong, Li and Zhao [25] develop this approach.
Mitchell and Hall [26] and Bao, Lee and Saltoglu [27] give full discussions of the measurement of density forecasting accuracy. In line with their findings, we use an approach due to
Berkowitz [28] . Under the null hypothesis, that the cdf of the out-of-sample return has been correctly identified, the sequence of cdfs (evaluated at the observed return) should be uniform (0,1) random variables. We use the Berkowitz test, where the cdfs are transformed to normal random variables; the reasoning is that tests are well developed to detect departures from normality. The test statistic, for K observed returns r k k=1,…,K, is given below.
( ) ( ) 11 Berkowitz statistic 2 ln lnK Under the null hypothesis that F(.) is correctly identified, the Berkowitz statistic is 2 2 χ , see Berkowitz [28] .
Experimental procedure
Data
Since we demonstrate our analysis throughout with examples, we now define the two data sets used from the US and Japan. Weekly data was collected for the members of the Dow Jones Industrials 30 share index from January 1988 to November 2009, the 28 companies who were members of the index throughout this period form the universe of assets (i.e. N = 28); this is the primary data set and is used to demonstrate issues throughout this paper. In our analysis, prior to using real-world data, we also use simulated data. We generate a set of asset returns constructed to be multivariate normally distributed random variables using the means and the covariance matrix of the Dow Jones estimated from the data described. The time series of vectors of asset returns are generated following a Cholesky factorization of the covariance matrix. To broaden our results, we also use a Japanese data set for the analyses in Section 5. Weekly data was collected for members of the Nikkei companies who were members throughout this period form the universe in this case. For both our data sets, the asset universes consist of those members of the index that survived throughout the period considered. Since our analysis is a comparison of strategies, each with access to the same information, we feel that survivorship bias is not an issue.
Methodology
The initial objective of our investigation is to discover where in risk-return space a portfolio selection strategy produces out-of-sample returns that are consistent with the in-sample portfolio mean and variance. In order to explore the space dominated by the efficient frontier, we need to identify portfolios within this space. The methodology for the identification of consistency regions is separate from the portfolio selection methodology. Here, for simplicity and convenience, we use straightforward mean-variance analysis, the procedure is as follows.
At a particular time period, k t , we construct an efficient frontier of portfolios from a universe of N assets using an estimation interval of M historical observations of returns. We consider long only portfolios for convenience to avoid the issues associated with short selling such as excessive transaction costs and its possible prohibition in some countries. We start with the minimum variance portfolio; we use this term throughout to describe the minimum variance portfolio with long only 
We use the term 'efficient frontier' as shorthand for the section of the whole efficient frontier, subject to the long only constraint.
The next step is to identify the dominated portfolios within the efficient frontier. For each of these expected return values,
, 5000 random portfolios are generated with non-negative weights summing to one giving an expected portfolio return 
By means of the above we have divided the region inside the efficient frontier into a grid structure which has within it B×C points, where a point (b,c) in the grid has associated expected return 
Minimising the variance of the weights tends to make the weights all small and similar. This minimisation with a non-linear constraint uses an algorithm due to Schittkowski [29] , the starting point for the minimisation is the nearest random portfolio.
We use the data set constructed to be multivariate normally distributed returns to demonstrate the output from the exercise so far. The efficient frontier and the associated dominated random portfolios are shown in Figure 2 where there are N = 28 assets and M = 260 historical observations of returns (an estimation interval equivalent to five years); we generate C = 50 portfolios for each of B = 11 return values. It can be seen that the distribution of portfolio standard deviations is sometimes slightly irregular. This arises for computational reasons as, if a solution to (3) is not found (which may happen as (3) is a quadratically constrained quadratic program that is hard to solve numerically), the nearest random portfolio is used instead. 
In other words, under the null hypothesis we believe that the observed distribution of out-ofsample returns is consistent with the observed in-sample return distribution.
In order to measure the accuracy of the density forecast provided by the empirical cdf, we need repeated observations for each grid point (b,c). We consider portfolio selection at K different origin
, , , , , Once this has been done for each of the K origins, the procedure concludes with the computation of the Berkowitz statistic for each grid point (b,c).
We are interested in those portfolios (whose positions in the set of possible portfolios are defined by their grid coordinates (b,c)) where the out-of-sample returns are consistent with the null hypothesis given in (4) . This means we are concerned with 'accepting' this null hypothesis, rather than with rejecting it (as is more common in hypothesis testing). In order to make acceptance of the null hypothesis a demanding requirement, we need to set the probability of rejecting the null hypothesis when it is true (a type I error) at a higher value, say 10%, than we would if our concern was to detect slight departures from the null hypothesis. As mentioned earlier in Section 2.2, under the null hypothesis the Berkowitz statistic is a 2 2 χ random variable.
Since this use of a 2 2 χ random variable is an asymptotic result, we investigated whether some adjustment was necessary for small values of M or K. The experiment and the correction factor developed are described in Appendix B. In order to test the sensitivity of the Berkowitz statistic to departures from the null hypothesis, the following experiment was conducted. We generate M = 260
observations of in-sample data by draws from a normal distribution, by 15% from its in-sample value, there is a probability of 0.5 of detecting this (and hence rejecting the null hypothesis) using a test with a 10% significance level.
Empirical analysis
As explained in Section 3.2, the use of density forecasting for the discovery of consistency regions is independent of the portfolio selection procedure, thus in our empirical analysis we use standard approaches to the estimation of the inputs to the mean-variance optimisation algorithm. We estimate the vector of expected asset returns using straightforward averages. We estimate the covariance matrix using either the shrinkage method of Ledoit and Wolf [10] (when using actual data and a relevant market index is available) or, straightforward sample estimates (when using simulated data and an index is not available).
Validation using simulated data
It has long been known that asset returns are not well described by the normal distribution; see for example, Blattberg and Gonedes [30] , Kon [31] , Barndorff-Nielson [32] and a fuller survey in
Meade [33] . Departures from normality and other phenomena, such as time dependency in parameters, may lead to the selection of inconsistent portfolios. Therefore it is important to validate our proposed procedure in a clearly defined environment. Thus we examine the accuracy of return density forecasts in the idealised situation of a data set known to be multivariate normally distributed, that is we use the simulated data described in Section 3.1. This data set was used to produce the example efficient frontier and dominated portfolios shown in Figure 2 
Validation using market data
In this section the data for the N = 28 members of the Dow Jones was used directly. To summarise market behaviour during the period considered, the Dow Jones index is plotted in Figure 5 .
The density forecasts for an investment horizon of H = 4 weeks, for K = 78 (equivalent to six years) consecutive investments are collected for two evaluation dates, 27 November 2001 and 22 September 2009. These dates are identified in Figure 5 . In the period before the first date, we can see that the index value is mostly trending upwards. The index experiences some wide fluctuations in the period between the first and second date.
In Figure 6 , we plot the averaged efficient frontiers, the averaged dominated portfolios and the consistency regions for three sizes of estimation intervals (M = 260, 312 and 416) for both evaluation dates. Since with real data, we have access to the index, in order to calculate the efficient frontier, we use the Ledoit and Wolf method to estimate the covariance matrix of returns.
For the first date, the efficient frontier and most of the dominated portfolios are not consistent.
In other words, during the periods before this date, an investor choosing any efficient (or inefficient) portfolio would not have experienced out-of-sample returns that in-sample observations would have led them to expect. By contrast, for the second date, the lower part of the efficient frontier and most of the dominated portfolios are consistent. In other words, in the periods before this date an investor choosing any efficient portfolio at a lower return level, or an inefficient portfolio at a higher return level, would have experienced out-of-sample returns that in-sample observations would have led them to expect. For the second evaluation date, (M = 312 and 416) there is a stronger resemblance to Figure   4 (which showed comparable results for the time-invariant multivariate normal data).
An explanation for the inconsistency of the portfolios shown in Figure 6 for the first evaluation date in November 2001 lies in Figure 5 . In the period before this evaluation date we can see that the Dow Jones index followed a strong upward trend, this is evidenced in the scale of the expected return axis in the left hand plots in Figure 6 . After 1996, the volatility tends to be higher and more variable.
As the estimation interval, M, increases more of the pre-1996 data is used, causing the predicted mean returns to be overestimates, and the predicted volatility of asset returns to be underestimates.
The greater consistency of the portfolios for the second evaluation date (September 2009) may be explained as follows. The period before the second evaluation date has no long term price trend and periods of high volatility, thus in Figure 6 the expected returns are lower and the average standard deviation is higher. The absence of a long term price trend means there is less over or underestimation of returns.
Although the corresponding consistency regions for the two evaluation dates are very dissimilar, these periods are eight years apart. The consistency region for a given value of M evolves over time. As an example, in Figure 7 , we show six intermediate plots of the efficient frontier and dominated portfolios inside and outside the consistency region, for M=312 and K=78. These plots form an equally spaced series when taken together with the two plots for M=312 in Figure 6 at the beginning and end of the series. In the first plot in Figure 7 We see that with real data, where the return vector and covariance matrix are varying over time, the consistency region tends to be smaller, sometimes non-existent, and its position is far more variable than in the idealised circumstances examined in Section 4.1 and Figure 4 .
Investment strategy implications of the consistency region
In terms of practically useful information, it is clear that the portfolios on the efficient frontier belong to the consistency region intermittently. In this section we examine two possible investment strategies that follow the evolution of the consistency region over time.
To judge the worth of investing in portfolios that belong to the consistency region (or not) we use the Sharpe ratio of portfolio returns as a summary investment performance measure. The use of the Sharpe ratio for demonstrating differences in performance is a common practice, even when there is parameter or model uncertainty, see for example, Garlappi, Uppal and Wang [34] . Lo [35] formulates the standard error of the ratio under a range of different conditions and Ledoit and Wolf [36] suggest a robust hypothesis test using the ratio. Here we use average Sharpe ratios to summarise differences in performance but do not attempt any formal hypothesis testing.
As an example, we continue to use the case where the Berkowitz statistic is calculated over the previous six years (K = 78) using a rolling six years of data for estimation (M = 312). The Sharpe ratio is calculated for the in-sample and the out-of-sample returns. For each case, two average Sharpe ratios are calculated, one is averaged over portfolios in the consistency region and one is averaged over those portfolios outside the region (inconsistent). The in-sample Sharpe ratios, plotted in Figure 8 , trend downwards due to market conditions.
The average in-sample Sharpe ratio for inconsistent portfolios is always greater than that for consistent portfolios. Thus an investor using the in-sample Sharpe ratio as an investment criterion is likely to choose an inconsistent portfolio. However if we look at the average out-of-sample Sharpe ratios the situation reverses. For most of the time, the average out-of-sample Sharpe ratio for the consistent portfolios exceeds that for the inconsistent portfolios. We can also see that the difference between the average in-sample and out-of-sample Sharpe ratios for consistent portfolios is much less than that for inconsistent portfolios. This greater accuracy in forecasting the Sharpe ratio for consistent portfolios is in line with our expectation that consistency implies better prediction of outof-sample behaviour. The line plotted at the foot of Figure 8 shows the proportion of consistent portfolios and gives a continuous summary of the behaviour of the consistency region, discussed in Section 4.2 and shown in the plots 56 weeks apart in Figure 7 .
In summary here then our results indicate that choosing to invest in consistent portfolios (if they exist) will lead to better out-of-sample Sharpe ratios.
We investigate two types of investment strategy making use of the methodology we have developed above. The first type of strategy exploits the consistency region. The second type of strategy uses the Berkowitz statistic to choose between portfolios on efficient frontiers generated under different conditions.
Consistency region based strategies
Here we choose a portfolio from the 'more efficient' consistency frontier boundary of the consistency region. As can be seen from Figure 7 , the consistency frontier is not always a convenient parabolic shape like the efficient frontier. Using information summarised as in Figure 7 , define the minimum mean, minimum variance, consistent (MMMVC) portfolio to be the portfolio lying at the bottom of the consistency region on the left-hand side. MMMVC can be categorised by the values of b and c associated with it. For each period, the latest return data is used to produce an updated version of Figure 7 , from this we identify the b and c co-ordinates of MMMVC; the latest return data is then used to update the efficient frontier and the dominated portfolios; we invest in the Table 2 .
In Table 2 , the cumulative returns for strategies that match or exceed the MV benchmark in the investment interval are shown in bold, followed by a star (*). If the strategy outperforms the MV benchmark in the first half and then continues to outperform in the second interval (52 to 103), the cumulative returns are shown in bold italics followed by a star (*). For three out of the eight cases considered, investment in the MMMVC portfolio delivers excess return over MV over the first half of the evaluation period. For all three cases, the strategy continued to generate positive excess returns in the second half of the evaluation period. 
Strategies using minimum variance portfolios ranked by the Berkowitz statistic
Here the strategy focuses only on the lower end of the efficient frontier, dominated portfolios are ignored. A set of minimum variance portfolios are considered, where the set is defined by the range of values of M and K considered, here we use the same experimental output as described in Table 2 . The actual minimum variance portfolio depends only on M; however for a given M, there is one Berkowitz statistic for each value of K. The investment strategy is to invest in the case with the lowest Berkowitz statistic; the strategy can be varied by always investing, or investing only when the value of the Berkowitz statistic places the portfolio in the consistency region.
The results for a number of possible definitions of K are given in Table 3 ; the covariance matrix estimation was carried out using the method of Ledoit and Wolf. As a benchmark strategy, we chose investing in a minimum variance portfolio using M = 260, this value of M is optimal during the first investment interval (2 to 51), (see Table 2 ). As in Table 2 , the cumulative returns for strategies that match or exceed the benchmark in the first investment interval are shown in bold followed by a star (*). If the strategy continues to outperform the benchmark in the second interval (52 to 103), the cumulative returns are shown in bold italics followed by a star (*).
As an example, we consider M = 312 and invest only if the lowest Berkowitz statistic (corresponding to the values of K) is consistent (row 3 in the table), the cumulative return is 0.338 in the first investment interval. This compares to 0.049 from the strategy ignoring consistency (row 18 in table). In this case, the portfolio is consistent throughout the second investment interval, so the return is the same (0.045) for both cases. If we consider the strategy where we take consistency into account and use M = 416 and K = 65, the cumulative return over the first investment interval is 0.065 and this is less than the benchmark. We see that in most cases, it is preferable to invest in the MV portfolio only when it is consistent. For the strategies based on consistent portfolios, 14 out of 15 outperform the benchmark in the first investment interval; of these 14, 10 continue to outperform in the second investment interval.
For the strategies ignoring consistency, 4 out of 7 outperform the benchmark in the first investment interval; three of these four continue to outperform in the second investment interval.
In summary here then we have seen above that in nearly all cases use of the methodology that we have developed to identify whether (or not) portfolios are consistent, and subsequently choosing to invest in consistent portfolios, enables us to make investment choices that outperform the MV benchmark.
Using a larger universe of assets -the Japanese Nikkei 225
The empirical analysis so far has been based on the relatively small universe of the Dow Jones; in order to explore the scalability of the results seen so far a larger universe is now used. The time period used for this universe is the same as that for the Dow Jones data, January 1988 to November 2009. As before, we use the Ledoit and Wolf method for variance estimation; the analyses leading to Tables 2 and 3 are repeated and the results shown in Tables 4 and 5 respectively. Table 4 , we see that, during the first investment period, for all 8 combinations of M and K, the MMMVC portfolio outperforms the corresponding strategy of investing in the minimum variance (MV) portfolio. In 7 of these 8 cases, outperformance is carried through to the second investment period. In Table 5 , there are fewer cases (7 out of 15 where consistency is required, 1 out of 7 where it is not) where the cumulative return during the first investment interval outperforms the benchmark. In all of the cases where consistency is required, outperformance is carried through to the second investment interval. For the single case ignoring consistency, outperformance is not achieved in the second investment interval.
In summary here then we have shown that, in this case with the larger universe, knowledge of the consistency (or not) of portfolios allows outperformance of the MV benchmark. 
Investigating the consistency of naive diversified portfolios; the 1/N portfolio
It is an obvious point that optimised portfolios, including the minimum variance portfolio, tend to weight assets with desirable characteristics more heavily than others. For example, for the minimum variance portfolios computed for the Dow Jones data, the maximum weight on an asset had an inter-quartile range of 0.23 to 0.28. The comparable range for the Nikkei data was 0.13 to 0.21. If the portfolios had equally weighted assets, then for the Dow Jones with N=28 the weight on each asset would be 1/28=0.036 and for the Nikkei with N=191 the weight on each asset would be 1/191=0.005.
The implication here then is that the returns on a minimum variance portfolio will tend to be influenced by a few assets and are thus likely to be more idiosyncratic than the returns on an equally weighted portfolio.
In an extensive comparison of models over seven data sets, DeMiguel, Garlappi and Uppal [21] found that no optimisation based model regularly outperformed the simple strategy of investing equally in each asset in the universe considered. The motivation for using this equally weighted 1/N strategy is to avoid reliance on past data and to spread risk as widely as possible. It is important to note that the equally weighted portfolio can be very closely correlated with the market index. Table 6 .
In Table 6 , during the first investment period, we see that, for 7 of the 8 combinations of M and K, the consistent 1/N portfolio outperforms the corresponding strategy of always investing in the 1/N portfolio. In 5 of these 7 cases, outperformance is carried through to the second investment period.
We also found that if we substituted the Dow Jones index for the 1/N portfolio (i.e. examined a portfolio that exactly replicated the index), we achieved similar results.
In 
Conclusions
We have introduced the concept of a consistency region in risk-return space, where a portfolio's in-sample performance is a reliable predictor of its out-of-sample return. We have set up a methodology where the measurement of density forecasting accuracy can be carried out for a series of portfolio selections in the same relative position to the efficient frontier. The methodology does not depend on a specific portfolio selection algorithm; it merely requires an identification of an efficient frontier in risk-return space.
We validated the concept using well-behaved data generated to be time-invariant multivariate normal asset returns and showed that the consistency region behaves in an intuitively reasonable manner. For short estimation periods, the consistency region is composed of dominated portfolios with higher standard deviations than those on the efficient frontier with the same mean returns. As the estimation period is increased, the consistency region increases and gradually moves towards, and then moves up, the efficient frontier. When used with real data, the behaviour of the consistency region reflects the changing dynamics of asset returns. This means that for the same size estimation period, the consistency region may fluctuate between non-existence and comprising most of the efficient frontier.
As evidence that the return density function of consistent portfolios is estimated more accurately than those of inconsistent portfolios, we showed that the out-of-sample Sharpe ratio was, on average, more accurately predicted by the in-sample ratio for consistent portfolios than for inconsistent portfolios. In other words, the consistency of a portfolio implies more accurate density forecasts, which in turn implies more accurate prediction of functions of density parameters, such as the Sharpe ratio.
Two strategies for exploiting the consistency of portfolios were developed: one investing in a consistent portfolio within the efficient frontier; the other investing in the minimum variance portfolio, but only when it is consistent. We showed that, in nearly all the cases where outperformance of the benchmark occurred in the first half of the period considered, outperformance persisted in the second half of the investment period. We also investigated the consistency of the naive diversified 
where there are L in-sample observations less than 
In this case, we use the normal distribution to approximate the behaviour of the out-of-sample return. 
